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Exact analytical solutions of the Hamiltonian with a
squared tangent potential
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In a very recent article (M.G. Marmorino, J. Math. Chem. 32 (2002) 303), exact ground
and first-excited state eigensolutions determined by trial and error have been introduced for
the one-dimensional Hamiltonian with a constant multiple of a squared cotangent potential
v(v —1) cot x on the domainx € (0, ). An explicit formula for the full spectrum was then
proposed by the help of numerical experiments. In the present study, the results of Marmorino
are mathematically justified and generalized by transforming the problem into an equivalent
hypergeometric form.
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1. Introduction

The dimensionless Schrodinger equation for a particle of unit mass moving in a
potential V (x)

d2
[—@ + V) — E:|\Il(x) =0, ()
whose exact analytical eigensolutions are expressible in terms of elementary or special
functions of mathematical analysis, is of significant importance in quantum mechanics.

Many of these potentials can be found by perusing the literature [1].
Most recently, exact solutions for a squared cotangent potential (SCP)

V(x) =v(v—1cofx, xe(0mn) (2)

have been proposed by Marmorino [2] for the real parameterl. To be precise, the
lowest two eigenvalues and the corresponding eigenfunctions were determined by trial
and error. By means of numerical calculations, the complete spectrum was correctly
conjectured to be generated by a recursion relation

A1 — A =1 (3a)
for the A, which is the difference between two consecutive eigenvalyesand ;.
It is clear that (3a) is a linear, first order, non-homogeneous difference equation with
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constant coefficients, which can be solved explicitly on using the difference of the first
two known eigenvalues as an initial condition. After having determined\thealues,
the definition

Dast — A = A (3b)

is then used to find the desired eigenvalues.

In this work, we give mathematical evidence for the exact solutions of the afore-
mentioned system. First we modify the problem so as to get a symmetric structure by
shifting the coordinate axis fromto x — 7 /2. Hence we now deal with a Hamiltonian
with the squared tangent potential (STP)

Vx) =v(v—1tarfx, xe€ (—%Tl’, %n) 4)

on the symmetric domain having an obvious reflection symmetry under the replace-
ment ofx by —x. Since the STP grows unboundedly at the end points of the interval
(—m /2, /2), the wave functionV should possess an appropriately vanishing behaviour
atx = £+ /2. Note that the energy eigenvalugsbut not eigenfunctions, of the Hamil-
tonian with the STP on the symmetric internalz /2, 7 /2) are precisely the same as
those of the Hamiltonian with the SCP on the asymmetric inteiat) considered by
Marmorino in [2].

The plan of this paper is as follows. In section 2, we transform the problem into
a hypergeometric form. The anti-symmetric states, in which the eigenfunctions are odd
functions of the argument, are treated in section 3. The last section concludes the paper
with further remarks and comments.

2. Thehypergeometric form of the problem

Let us consider the Schrodinger equation
d2
[—@ +v(v—tarfx — E(v)]\lf(x; ) =0 (5)

subject to the boundary conditions

W(x;v) | 0 (6)

x=%(1/27

for eachv > 1, describing a well potential problem for which a discrete positive spec-
trum is sure to exist. The reflection symmetry of the system (5)—(6) suggests that the
set of spectral point$E,(v)}, for k = 0,1, ..., can be decomposed into two subsets
{Ex(v)}, {Ex41(v)} in such a way that the eigenfunctions corresponding to the even
E5 and oddEy 1 parity energy levels are even and odd functions ofespectively.

These are referred to as the symmetric and anti-symmetric states as well, and may be
treated separately without any trouble.
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In what follows, introducing the substitution
£=sifx, £e[01) (7)

which is not one-to-one, we can deal only with the even parity states. With (7), we have
the operational equivalences

d d
a=2v§(l—é)£ (8a)
and
o? o? d
E=4§(1—5)@+2(1—2§)£ (8b)
so that the differential equation takes the form
d? 1 d lviv—-1 L
{5(1_5)@+<5_$>E+A(U’E)_Z 1_¢ }‘I’S(S,U)—O, 9)
where
AW, E) = ;—Ll[v(v — D+ EW)] (10)

andWg(¢; v) denotes an eigenfunction which is even in the original variamdené is
replaced by sifix.

Next, the regular singularity & = 1 of the differential operator in (9) implies the
search for a solution of the type

Us(E;v) =1 -8)"y(E;v), aekR, (11)

which gives the possibility of determining the flexible parametso as to get rid of the
last term in (9) proportional tal —&)~1. Actually, if a is a root of the algebraic equation

1 1
a’® — a- Zv(v -1 =0 (12)

then the differential equation reduces to a Gauss hypergeometric equation

1
S(l—é)y“r[5—(a+ﬁ+l)é}y/—aﬂy=0 (13)
for the new dependent variabje with the parameterg andg satisfying

and

af =a’— A(v, E), (14b)
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simultaneously. Clearly, the roots of the quadratic equation (12)/&and(1 — v)/2.
Fora = v/2, the hypergeometric equation (13) admits the pair of linearly independent
solutions [3]

1
y1(&;v) =zF1(a,ﬁ;v+5;l—$> (15a)
and
1 1 3
ya(&;v) = (1— 5)“/2)“2&(5 —o 5 =5 —vil- s>, (15b)

where, Fi(«, B; y; z) stands for the Gauss hypergeometric function. Recall that this

function has the series expansion abott 0
. (@);(B); 7' af z ale+1 +1) 22
2F1<a,ﬁ;y;z)=ZM.—= afz  al@+DBB+D 2
— i i y 1 v+ 2

+--- (16a)

known as the hypergeometric series [3], in which the notatjgnis the Pochhammer’s
symbol standing for

Pi=plp+D---(p+i-1 (16b)
It is seen from (14) that the parametersand 8 in the solutions (15) are written
as
1
o= Ev—\/A(v, E) (17a)
and
1
B=3v+ VAW E) (17b)

which depend implicitly on the energy eigenvalues of the system. Thus we have the
fundamental solutions for the wave functigg in (11)

WM (E ) = (1 - s)<1/2>”2F1(a, Biv+ %; 1- s) (18a)

and

w@E: vy = 1- 5)“/2)(1—”2171(% —a, % - B; g’ —v;1- s) (18b)

for a prescribed > 1.
On the other hand, the boundary conditions in (6) require that the true wave func-
tion must vanish aé tends towards one, i.e.,

giLnllll(S; v) =0 (29)
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forall v > 1. However, from (16) we observe thatias> 1

VP (@E ) = 1-H Y1+ 00— 6)] (20)
and that it does not remain boundedéat= 1, whereO is the usual big-O notation.
Hence, rejecting the second solution in (18b) we find that the desired solution can pos-
sibly be

Wy(&;v) = WP (& v) = A) (1 — s><1/2)”2F1(a, Biv+ %; 1- s>, (21)

whereA is some normalization constant.

In like manner, it is not difficult to verify that the second raot= (1 — v)/2 of
(12) results exactly in the same solution. Furthermore, it is worth noting that, by the
trigonometric transformation in (7), both end points of the original dornaim/2, 7 /2)
are taken into the point & = 1 on the&-axis. As a result, the transformed system
obeys only one boundary condition. Nevertheless, we may prove that the hypergeometric
series in (21) converges for &lle [0, 1] and is analytic in each ef and 8 parameters
and, therefore, does represent the physical solution if and only if it consists of a finite
number of terms [4, p. 262]. As a matter of fact, such a series terminates to yield simply
polynomials in 1— & of degreek, fork = 0, 1, .. ., if either« or 8 is equal to—k, due
to its symmetric structure in the first two parameters. Thus, assuming such an analiticity
condition for the hypergeometric function in question that

a=—k, k=0,1,... (22)
we obtain the eigenfunctions
1
Ws(§; v) 1= W (85 v) = Ae(v)(1 - s)“/z”zFl(—k, vkivt 51— s) (23)
corresponding to the even parity energy leviéls= E,;. In addition, the significance of

(22) is that it can be regarded as a quantization condition to determirietHer all k.
To be more specific, we deduce from (10) and (17a) that

1
k= E[v S AT EZk(v)] (24a)
which leads to the explicit formula
ExWw)=4kWv+k)+v, k=0,1,... (24b)

for the symmetric state eigenvalues valid forialk 1. Returning back to the original
variablex we have the symmetric eigenfunctions

1
Wor(x; v) = Ar(v) coS x2F1<—k, v+k;v+ 5; Co§x> (25)

of the Schrodinger Hamiltonian with the STP in (4).
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3. Anti-symmetric states

A careful inspection suggests that the anti-symmetric state eigenfunctionBysay
can be expressed in the form

Was(x; v) = sinx®(x; v), (26)

where® is necessarily an even function of It is straightforward to show that i¥5is
any solution of the Schrodinger equation in (5), tliesatisfies the differential equation

o? d
[—@—2C0txa+v(v—l)tanzx+l—E(V):|CD(X,V) =0 (27)

which at first sight looks more complicated. However, the evenneds ioiplies that
the substitutiort = sir? x in (7) is again appropriate. Therefore, if we make use of the
additional operational equivalence

d d
we arrive at the equation
d? 3 d 1 1v(v—1
{5(1—5)@+ <§_2§>£+A(U’E)_Z_Z 1_¢

in the variables. Tracing a very similar procedure to that of section 2, we see that a
transformed dependent varialdewhere

O v) = (L-5Y?uE; v), (30)
satisfies the Gauss hypergeometric equation

}ob@;v) —0  (29)

E(l— & + E’ — (&+/§+l)§]u/—&/§u =0 (31)
whose parameteis andg are defined by the relations
a@= %(v+l)—\/m (32a)
and
B = §<v+1>+m, (32b)

respectively. By an argument exactly the same as that used for the symmetric states, we
setad = —k and deduce the formula

Eyiiw)=@k+D@2v+2k+D+v, k=0,1,... (33)

for the odd parity states eigenvalues corresponding to the eigenfunctions

Wy 1(E;v) = Be()VEDL - s)<1/2>”2F1(—k, vHk+1v+ %; 1- s>, (34)
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where; is a convenient normalization factor. In terms of the original variabhléhe
anti-symmetric eigenfunctions are given by

) 1
Wy 1(x; v) = By (v) sinx cos’ szl(—k, v+k+1v+ E; co§x> (35)

in which the hypergeometric function is a polynomial of degrée cos x.

4. Concluding remarks

We have elucidated exact analytical solutions of the quantum mechanical eigen-
value problem in (5)—(6) in the form of finite combinations of trigonometric functions,
which are valid for all values of the potential constant 1. First, it is easily shown
that the two separate formulas in (24b) and (33) for the even- and odd-indexed energy
levels can be combined in a single expression

Exw)=k2v+k)+v, k=01, ... (36)

S0 as to give the full spectrum, which corroborates the somewhat experimental result of
[2]. Note the notational connection

Ek(l)) = 2)Lk+1(1)), k= 0, 1, N (37)

between the eigenvalues denotedian [2] and those of this work.

Second, taking advantage of having analytical solutions in terms of the Gauss hy-
pergeometric functions, we may derive alternative such solutions by means of certain
familiar relations which exist between them. For instance, it follows from the so-called
linear transformation formula,

2F1(a, B y;2) =Cla, B, y)2Fi(e, B+ B—y + 11— 2)
+Cy —a,y =B y)AL =)
XoFi(y —a,y =By —a—B+11-72), (38a)
with
_I'WI'ly —a—p)
STy —ol(y —f)
that the hypergeometric factor in (25) is equivalent to

Cla, B.y) (38b)

1 1 1
2F1<—k, v+k; v+§; cog x) = C(—k, V+k, U+E>2F1<—k, V+k; 5; 4 x) (39)

since, in this case, the coefficient of the second term in (38a) containing certain gamma
functions becomes zero. Hence we may rewrite the symmetric state eigenfunctions in
the form

~ 1
Wy (x; v) = A (v) cos szl(—k, v+ k; 5; sin? x) (40)
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now with a hypergeometric function of argument?sin where 4, is some other nor-
malization constant.

If the variablex + /2 is inserted back into our results, we then obtain the eigen-
functions of the Hamiltonian with the SCP on the asymmetric dor@in). Actually,
we see from (25) that the symmetric states become

1 . 1 .,
Wy, x+§n;v = sin" xoF1 —k,v+k;v+§;sm X (42)

up to an inessential constant. For a particular case in whielB, eigenfunctions of the
SCP problem were constructed successfully in [2] by means of symbolic computations
on Mathematica. In this particular case, we notice the relationship

_ 1Y CRG 3 o
Va1 = NiWa <X + 57 3) =M jZO W sin?/+3 x (42)

fork =0, 1, ..., where they 1 denote the eigenfunctions of [2], which were referred
to as the odd-indexed eigenfunctions there. Further, we perceive that exactly the same
eigenfunctions are regenerated if the consfdpts taken as
_ 4k+1 (7/2)k

(k + )k
for eachk. Note also that exploiting the standard trigopnometric relation [5, p. 25]

Ni (43)

_ 1 (2m + 3\ .
- o Z(_l)m+1+1< j+ ) sin(2m — 2j + 3)x (44)
=0

we may express our results in terms of(8h+ 1)x instead of sik*3x. For example,
we have

1
Y1 = J\/O\If()(x + 57 3) = 4sir’ x = 3sinx — sin(3x) (45a)
fork =0,
1 . 8 .
lﬁgz./\/l‘l/z(x + 57 3) = 14sur?x<1— 5 S|n2x>
1 . 3 . .
=5 sinx + > sin(3x) — sin(bx) (45b)
fork =1, and
1 168 . 20 . 40
WS—NZ‘IM(X + ET[, 3) = ? S|n3)€(l — 7 S|n2.x + Z-S”] X)

1
=z sinx + g sin(3x) + sin(bx) — sin(7x). (45c¢)
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for k = 2. Observe once again that the coefficients of&int- 1)x in (45) for j =
0,1,...,k+ 1, reveal the same pattern as recorded in [2, table 3].

Finally, it is an easy task to verify that our results yield the known eigenvalues and
eigenfunctions of the particle-in-a-box Hamiltonian, where

1 1
0 forxe (——n, —n),
Vix) = 2 2 (46)

oo for|x| = En,

as the limiting case when = 1. More general properties of the exact analytical eigen-
functions will now be investigated and reported in due course.
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